Based on gauge-gravity duality, by using holographic entanglement entropy, we have done a phenomenological study to probe confinement-deconfinement phase transition in the QCD-like gauge theory. Our outcomes are in perfect agreement with the expected results, qualitatively and quantitatively. We find out that the (holographic) entanglement entropy is a reliable order parameter for probing the phase transition.
I. INTRODUCTION
In the quantum chromodynamics (QCD), explaining confinement-deconfinement phase transition is one of the most interesting and challenging issues. It is experimentally expected that this phase transition takes place at low temperatures, in the region of about 175±10 MeV [1] . Since the coupling of the QCD is large at low temperatures, it is impossible to describe this phase transition by using usual perturbative methods, correctly. Therefore, we need a non-perturbative framework to study the phase transition and, for instance, answer the following significant questions: What is the relevant order parameter of the phase transition? At which temperature, depending on the parameters of the theory, does the transition occur? At which distance is the potential between a quark and antiquark screened? How is the binding energy of the quark and antiquark determined and calculated?
Gauge-gravity duality (or holography idea), as a nonperturbative method, introduces a new link between gauge theory and gravity. More precisely, according to this duality, a strongly coupled quantum gauge theory defined in a d-dimensional space-time corresponds to a classical gravity in a d + 1-dimensional space-time [2] [3] [4] . Therefore, different questions in the strongly coupled gauge theory can be translated into corresponding problems in the classical gravity. Consequently, this idea has been applied to optimize ansatz for the gravity dual, perhaps with unknown gauge theory dual, in such a way that the known features of QCD can be reproduced. This is usually called the AdS/QCD approach [5] . Applying AdS/QCD, the mentioned questions have been extensively discussed in the literature, most of them qualitatively. For instance see [2] and references therein.
Gauge-gravity duality is also introduced as a useful prescription to calculate entanglement entropy, which is one of the interesting physical quantities on the gauge theory side [6] . Then, interestingly in [7] , the entanglement entropy is used to probe a confinementdeconfinement phase transition at zero temperature in confining theories. Hence, search for transition has also been extended to (non-conformal) gauge theories at fi-nite temperature [8] [9] [10] . It is shown that no transition takes place at finite temperature. In this paper, we are going to answer the mentioned remarkable questions in the context of gauge-gravity duality, or more precisely AdS/QCD, by using the holographic entanglement entropy as an order parameter of the confinementdeconfinement phase transition.
II. REVIEW ON MODEL, POTENTIAL ENERGY AND ENTANGLEMENT ENTROPY
We consider the following background metric
where g(z) = e c 2 z 2 and x ≡ (x 1 , x 2 , x 3 ). The radial direction is denoted by z. According to holography idea, the QCD-like gauge theory is living on the boundary of the above background which is located at z = 0. As it is clearly seen the metric (1) approaches AdS 5 with radius R, asymptotically. In order to fit the result of the above metric with the slope of Regge trajectories, it is shown that c ≈ 0.9 GeV 2 [11] . Various properties of this background have been investigated in [12, 13] .
Potential energy: In the gauge theory, the static potential energy between a quark and an anti-quark is evaluated by using the expectation value of the Wilson loop on a rectangular loop, C, that contains two sides, time T and distance r, where the length of time direction is much larger than the distance between the quarks , i.e. T ≫ r. Then it is easy to show that [2] 
where m is the rest mass of the quarks and V (r) is the potential energy between them. The holographic dual of the rectangular Wilson loop is given by a classical string suspended from two points on the boundary (corresponding to quark and anti-quark), hanging down in extra dimension with appropriate boundary conditions [14] . In fact, the expectation value of the Wilson loop is dual to the on-shell action of a string the endpoints of which are separated by a distance r [2, 14] . The dynamics of a classical string in an arbitrary background is described by
where g ab is the induced metric on the world-sheet and is defined by
denotes the space-time (world-sheet) coordinates and G MN is the background metric. Thus, according to gaugegravity duality, we have
We will now proceed to calculate S(C) for the rectangular loop C to find the potential energy from (2) . For the metric (1), all calculations have been done in detail and with the ansatz t = τ , x 1 = σ and z(x 1 ), the result for distance r is given by [12] 
where
and z * = z(x 1 = 0) which is the turning point of the string. It is easy to check that the distance r is real for 0 < λ < 2 corresponding to 0 < r < ∞. In other words, there is an upper limit on the turning point of the string, that is z * < 2/c. Note that for the case of the AdS 5 , i.e. c = 0, there is no bound on the z * , as expected. Then the potential energy in the QCD-like gauge theory is also given by [12] 
where its behaviour at large and short distance can be found as follows
where p ≈ 0.94, κ 0 ≈ 0.23, σ 0 ≈ 0.16 GeV 2 and σ ≈ 0.19 GeV 2 for c = 0.9 GeV 2 [12] . This potential gives the expected linear and 1/r behaviour at large and short distance. Entanglement Entropy: we can take into account a quantum system with many degrees of freedom at zero temperature. This system is described by a pure ground state |ψ and subsequently its density matrix is determined by ρ = |ψ ψ|. This quantum system may be divided into two subsystems A and B, with the observer in the subsystem A not having access to the degrees of freedom of subsystem B. Therefore the system's density matrix can be determined by taking the trace over these degrees of freedom, i.e. ρ A = tr B ρ. Thus subsystem A's entanglement entropy will be S A = −tr A (ρ A log ρ A ) which shows the amount of information lost when an observer is limited to the subsystem A. In the case of a gauge theory in d > 2 space-time, the main divergence of S A is proportional to the area of the subsystem A. In the case of a two-dimensional gauge theory, in which subsystem A is an interval of length l, we can analytically calculate the entanglement entropy as a universal result S l = c 3 log( l a ) where c is central charge and a is the UV cut-off of the field theory.
On the holographic side, entanglement entropy S A may be calculated through the following formula [6] 
where γ A is a three-dimensional minimal area surface in asymptomatically AdS 5 background whose boundary is given by ∂A (which is the boundary of the subsystem A). This simple prescription leads to well-known results, such as entanglement entropy in two-dimensional conformal field theory, thus it is reliable to calculate the entanglement entropy in the strongly coupled gauge theories. We begin with a general form for the background as
where z is the radial direction. The background is asymptotically AdS 5 and its boundary is located at z = 0. We must divide the boundary region into two subsystems A and B in order to determine entanglement entropy. Subsystem B is defined by − l 2 < x 1 (≡ x) < l 2 and x 2 , x 3 ∈ (−∞, +∞) at a given time. Then the minimal area of γ A , which is proportional to entanglement entropy of subsystem A, is obtained by minimizing the following area
where G 5 is the five-dimensional Newton constant and g in is induced metric on γ A . Using (9), we can easily see that
where V 2 is the area of two-dimensional surface of x 2 and x 3 and z ′ = dz dx . The above area is not explicitly dependent on x so the corresponding Hamiltonian is a constant of motion
where z * is the minimal value of z, i.e. z(x = 0) = z * , and z ′ (x = 0) = 0. Hence, from (12), we get to
and then we can easily obtain the relation between l and z * l = 2
Finally, by substituting (13) in (11), we have
Since the factor behind the integral in (15) is obviously a constant we just need to compute the integral, which is proportional to the entanglement entropy. Another configuration we would like to consider here is disconnected solution. This configuration is described by two disconnected surfaces located at x = ±l/2 and extended in all other spatial directions. It is easy then to calculate the entanglement entropy as
and we then introduce
Now, one can define the critical distance l c as ∆S(l c ) = 0, i.e. the length at which the difference between entanglement of the connected and disconnected surfaces is zero. Then for l > l c (l < l c ), corresponding to ∆S > 0 (∆S < 0), the entanglement scales as N 0 c (N 2 c ) where N c is the number of colors in the gauge theory [7] . This change of behaviour at l = l c resembles a confinementdeconfinement first order phase transition in the dual gauge theory.
III. NUMERICAL RESULTS
At zero temperature, according to (1) , it is clear that f 1 (z) = f 2 (z) = f 3 (z) = R 2 z 2 g(z). In figure 1 , we have plotted the difference of the entanglement entropies ∆S, potential V (r) and asymptotic potential V (r → ∞) as a function of l(= r). Since we are working with the confining background (1), the potential energy (6) always describes a stable quark-antiquark bound state in the confined phase, although its sign changes in small values of l. However, the difference of the entanglement entropies ∆S predicts that for l < l c the system under study is not in the confined phase anymore and as a result a phase transition between confined and deconfined phases occurs. It is worthy to note that the phase transition happens in the regime of l for which the linear behaviour of the potential has been dominated, as expected. Another remarkable result is that the phase transition occurs at l c ≈ 1 fm for the reasonable values of c, as we will discuss. In other words, the allowed quark-antiquark separation is about 1 fm, compatible with the size of the hadrons (which is also 1 fm).
Let us return to the reasonable values for c. As it was stated, c ≈ 0.9 GeV 2 has been used in various papers. In figure 2 , ∆S has been plotted in terms of distance l for three different values of c. This figure shows that by increasing c, the critical length l c decreases. Although this reduction is not substantial, it plays a very important role in determining the critical temperature T c ≃ l −1 c . In fact, c and critical temperature increase together, as it is easily seen in table I. As an another interesting result, one can estimate the value of the binding energy between a quark and an antiquark. One can define the binding energy as E B ≃ V (l c ) where the critical length l c denotes the maximum size of the bound state. Figure 3 shows that the binding energy linearly increases by l c for 0.85 < c < 0.95. According to our results, the value of the binding energy alters between 0.87 and 0.96 GeV 2 which is in agreement with the expected result, 0.5 < E B < 1 GeV 2 [1] . The black points in figure 3 are fitted with E B = 0.796608 l c (blue line). Now let us consider the following background metric
The horizon is denoted by z h and therefore the Hawking temperature is given by T = 1 πz h . Then it was discussed in [13] that a confinemetdeconfinemet phase transition takes place when z h = z c = 2/c or equivalently T * c = 1 π c 2 . In other words, on the gravity side the phase transition is described by changing the background geometry from (1) to (18) . The values of T * c have been shown in the table I for reasonable values of c. It is clearly seen that the critical temperature can be better described by our results since T c is about Table I also indicates that in order to find better values for the critical temperature and length, the parameter c should be estimated more precisely. Our results, by applying the entanglement entropy as a probe for the confinment-deconfinement phase transition, predict that the sensible value for the parameter c is in the range between 0.85 and 1.1 GeV 2 . However, our calculation indicates that c = 0.94 GeV 2 is a better choice.
An extension of the above idea to the thermal backgrounds, introduced in [7] , shows that entanglement en-tropy does not exhibit a phase transition (expect for geometry of the near horizon limit of D6-branes) [8] . Therefore, as a final point, we would like to investigate the possibility of a phase transition in the presence of an event horizon corresponding to a thermal field theory. To do so, two types of surfaces have been considered: connected and piecewise smooth. The connected surface has been already discussed in (15) for an arbitrary background. The second surface is defined as
and then, using (10), one getŝ
where f 3 = R 2 z 2 g(z) and f 2 = R 2 g(z) z 2 f (z) . By defining the following expression
we observe that, in our case, phase transition does not take place at finite temperature. In other words,∆S is always negative and as a result the connected surface is favourable for all values of l.
